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Abstract

Adaptive gradient methods (AGMs) have become popular in optimizing the
nonconvex problems in deep learning area. We revisit AGMs and identify that
the adaptive learning rate (A-LR) used by AGMs varies significantly across the
dimensions of the problem over epochs (i.e., anisotropic scale), which may lead
to issues in convergence and generalization. All existing modified AGMs ac-
tually represent efforts in revising the A-LR. Theoretically, we provide a new
way to analyze the convergence of AGMs and prove that the convergence rate
of ADAM also depends on its hyper-parameter e, which has been overlooked
previously. Based on these two facts, we propose a new AGM by calibrating
the A-LR with an activation (softplus) function, resulting in the SADAM and
SAMSGRAD methods. We further prove that these algorithms enjoy better con-
vergence speed under nonconvex, non-strongly convex, and Polyak-Lojasiewicz
conditions compared with ADAM. Empirical studies support our observation of
the anisotropic A-LR and show that the proposed methods outperform existing
AGMs and generalize even better than S-Momentum in multiple deep learning
tasks.

Keywords: ADAM, Deep learning, Adaptive methods, Stochastic methods

1. Introduction

Many machine learning problems can be formulated as the minimization
of an objective function f of the form: min,cpas f(z) = %Z?:l fi(x), where
both f and f; maybe nonconvex in deep learning. Stochastic gradient descent
(SGD), its variants such as SGD with momentum (S-Momentum) [1, 2, 3, 4], and
adaptive gradient methods (AGMSs) [5, 6, 7] play important roles in deep learning
area due to simplicity and wide applicability. In particular, AGMs often exhibit
fast initial progress in training and are easy to implement in solving large scale
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optimization problems. The updating rule of AGMs can be generally written
as: e

Tpqp1 = Ty N © my, (1)
where ® calculates element-wise product of the first-order momentum m; and
the learning rate (LR) \%T There is fairly an agreement on how to compute my,
which is a convex combination of previous m;_; and current stochastic gradient
gty ie., my = Bime—1 + (1 — B1)gt, B1 € [0,1]. The LR consists of two parts:
the base learning rate (B-LR) 1; is a scalar which can be constant or decay
over iterations. In our convergence analysis, we consider the B-LR as constant
7. The adaptive learning rate (A-LR), \/%7 varies adaptively across dimensions
of the problem, where v, € R is the second-order momentum calculated as a
combination of previous and current squared stochastic gradients. Unlike the
first-order momentum, the formula to estimate the second-order momentum
varies in different AGMs. As the core technique in AGMs, A-LR opens a new
regime of controlling LR, and allows the algorithm to move with different step
sizes along the search direction at different coordinates.

The first known AGM is ADAGRAD [5] where the second-order momentum
is estimated as v; = Z’;:l g?. Tt works well in sparse settings, but the A-
LR often decays rapidly for dense gradients. To tackle this issue, ADADELTA
[7], RMSPROP [8], ADAM [6] have been proposed to use exponential moving
averages of past squared gradients, i.e., vy = Bov;_1 + (1 — B2)g?, B2 € [0,1]
and calculate the A-LR by Ut — where € > 0 is used in case that v; vanishes
to zero. In particular, ADAM has become the most popular optimizer in the
deep learning area due to its effectiveness in early training stage. Nevertheless,
it has been empirically shown that ADAM generalizes worse than S-Momentum
to unseen data and leaves a clear generalization gap [9, 10, 11], and even fails
to converge in some cases [12, 13]. AGMs decrease the objective value rapidly
in early iterations, and then stay at a plateau whereas SGD and S-Momentum
continue to show dips in the training error curves, and thus continue to improve
test accuracy over iterations. It is essential to understand what happens to
ADAM in the later learning process, so we can revise AGMs to enhance their
generalization performance.

Recently, a few modified AGMs have been developed, such as, AMSGRAD
[12], Yocr [14], and ADABOUND [13]. AMSGRAD is the first method to theoret-
ically address the non-convergence issue of ADAM by taking the largest second-
order momentum estimated in the past iterations, i.e., v; = max{vi_1,0:}
where 0 = [Botp—1 + (1 — Bg)gf, and proves its convergence in the convex
case. The analysis is later extended to other AGMs (such as RMSPROP and
AMSGRAD) in nonconvex settings [15, 16, 17, 18]. In latest study, ADAM
has been proved to converge to a first-order stationary point with appropri-
ate parameter setting [19]. Specifically, appropriate choices of momentum pa-
rameter 51 can directly address the non-convergence of ADAM. YOGI claims
that the past g?’s are forgotten in a fairly fast manner in ADAM and proposes
vy = v_1 — (1 — Ba)sign(vi—1 — g?)g? to adjust the decay rate of the A-LR.
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However, the parameter € in the A-LR is adjusted to 1073, instead of 1078 in
the default setting of ADAM, so € dominates the A-LR in later iterations when
v¢ becomes small and can be responsible for performance improvement. The
hyper-parameter € has rarely been discussed previously and our analysis shows
that the convergence rate is closely related to €, which is further verified in
our experiments. PADAM! [20, 15] claims that the A-LR in ADAM and AMS-
GRAD are “overadapted”, and proposes to replace the A-LR updating formula
by 1/((v:)P +€) where p € (0,1/2]. ADABOUND confines the LR to a predefined
range by applying Clip(ﬁ, M, M), where LR values outside the interval [n;, 1,
are clipped to the interval edges. However, a more effective way is to softly
and smoothly calibrate the A-LR rather than hard-thresholding the A-LR at all
coordinates. Our main contributions are summarized as follows:

1. We study AGMs from a new perspective: the range of the A-LR. Through
experimental studies, we find that the A-LR is always anisotropic. This
anisotropy may lead the algorithm to focus on a few dimensions (those
with large A-LR), which may exacerbate generalization performance. We
analyze the existing modified AGMs to help explain how they close the
generalization gap.

2. Theoretically, we are the first to include hyper-parameter € into the con-
vergence analysis and clearly show that the convergence rate is upper
bounded by a 1/€? term, verifying prior observations that ¢ affects perfor-
mance of ADAM empirically. We provide a new approach to convergence
analysis of AGMs under the nonconvex, non-strongly convex, or Polyak-
Lojasiewicz (P-L) condition.

3. Based on the above two results, we propose to calibrate the A-LR using
an activation function, particularly we implement the softplus function
with a hyper-parameter 3, which can be combined with any AGM. In this
work, we combine it with ADAM and AMSGRAD to form the SADAM and
SAMSGRAD methods.

4. We also provide comprehensive theoretical analyses of our proposed meth-
ods, which recover the same convergence rate as SGD in terms of the
maximum iteration 7 as O(1/+/T). Empirical evaluations show that our
methods obviously increase test accuracy, and outperform many AGMs
and even S-Momentum in multiple deep learning models.

2. Preliminaries

Notations. For any vectors a,b € R?, we use a ® b for element-wise product,
a? for element-wise square, y/a for element-wise square root, a/b for element-

!The PADAM in [20] actually used AMSGRAD, and for clear comparison, we named it
PAMSGRAD. In our experiments, we also compared with the ADAM that used the A-LR
formula with p, which we named PADAM.
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wise division; we use a* to denote element-wise power of k, and ||a|| to denote
its lo-norm. We use (a, b) to denote their inner product, maz{a,b} to compute
element-wise maximum. e is the Euler number, log(-) denotes logarithm function
with base e, and O(:) to hide constants which do not rely on the problem
parameters.
Optimization Terminology. In convex setting, the optimality gap, f(z:) —
f*, is examined where x; is the iterate at iteration ¢, and f* is the optimal
value attained at x* assuming that f does have a minimum. When f(z;) —
f* <4, it is said that the method reaches an optimal solution with §-accuracy.
However, in the study of AGMs, the average regret % Zthl(f(xt) — f*) (where
the maximum iteration number 7' is pre-specified) is used to approximate the
optimality gap to define §-accuracy. Our analysis moves one step further to
examine if f (% ZtT:I x¢) — f* < § by applying Jensen’s inequality to the regret.
In nonconvex setting, finding the global minimum or even local minimum is
NP-hard, so optimality gap is not examined. Rather, it is common to evaluate if
a first-order stationary point has been achieved [21, 12, 14]. More precisely, we
evaluate if E[||V f(z;)|?] <6 (e.g., in the analysis of SGD [1]). The convergence
rate of SGD is O(1/v/T) in both non-strongly convex and nonconvex settings.
Requiring O(1/v/T) < § yields the maximum number of iterations T = O(1/6?).
Thus, SGD can obtain a d-accurate solution in O(1/§?) steps in non-strongly
convex and nonconvex settings. Our results recover the rate of SGD and S-
Momentum in terms of 7'

Assumption 1. The loss functions f; and the objective [ satisfy:
(a) L-smoothness. Vr,y € R4 Vi € {1,...,n}, |V i(x)-Vfi(y)| < Lllz—y|-

(b) The noisy gradient is unbiased and the noise is independent, i.e., Vo € R?,
t>1, 9o =Vf(xe) + &, El&] =0 and & is independent of & if i # j.

(c) At time t, the algorithm can access a bounded noisy gradient and the true
gradient is bounded, i.e., ¥t > 1, ||V f(z:)|| < H,||g:|| < H,H > 0.

Assumptions (a,b) are widely used in stochastic optimization analyses. Ref-
erence [16] has proposed and used assumption (c) as a further development of
bounded elements of the gradient assumptions used in [12]. Notice that the full
gradient with bounded norm is equivalent to the Lipschitz continuous assump-
tion of f when f is differentiable. This assumption can be satisfied in practice.

Definition 1. Suppose f has the global minimum, denoted as f* = f(x*). Then
for any x,y € R?,

1. Non-strongly convezx. f(y) > f(z) + Vf(x)(y — z).

2. Polyak-Eojasiewicz (P-L) condition. 3\ > 0 such that ||V f(x)|* >
2A(f(x) — *).

3. Strongly convex. 3 > 0 such that f(y) > f(x) + Vf(2) ' (y — z) +
Slly — z||>.
2
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Figure 1: Range of the A-LR in ADAM over iterations in four settings: (a) CNN on MNIST,
(b) ResNet20 on CIFAR-10, (d) ResNet56 on CIFAR-10, (d) DenseNets on CIFAR-10. We
plot the min, max, median, and the 25 and 75 percentiles of the A-LR across dimensions (the

: 1
elements in Tocre ).

3. Our New Analysis of Adam

First, we empirically observe that ADAM has anisotropic A-LR caused by
€, which may lead to poor generalization performance. Second,we theoretically
show ADAM method is sensitive to €, supporting observations in previous work.

8.1. Anisotropic A-LR.

We investigate how the A-LR in ADAM varies over time and across problem
dimensions, and plot four examples in Figure 1 (more figures in Appendix) where
we run ADAM to optimize a convolutional neural network (CNN) on the MNIST
dataset, and ResNets or DenseNets on the CIFAR-10 dataset. The curves in
Figure 1 exhibit very irregular shapes, and the median value is hardly placed
in the middle of the range, the range of A-LR across the problem dimensions is
anisotropic for AGMs. As a general trend, the A-LR becomes larger when v
approaches 0 over iterations. The elements in the A-LR vary significantly across
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Table 1: Test Accuracy(%) of ADAM for different e.

€ ResNets 20  ResNets 56 DenseNets ResNet 18 VGG
1077 [ 9251 £0.13 94294+ 0.10 94.78 £0.19 | 77.21 £0.26 76.05+0.27
1072 | 92.884+0.21 94.154+0.17 94.35+0.10 | 76.644+0.24 75.69+£0.16
1074 | 92.03+0.21 93.624+0.18 94.15+0.12 | 76.194+0.20 74.45+0.19
1076 | 92.994+0.22 93.56+0.15 94.244+0.24 | 76.09+0.20 74.20 4+ 0.33
1078 | 91.68+0.12 92.824+0.09 93.324+0.06 | 76.14+0.24 74.184+0.15

Table 2: Test Accuracy(%) of AMSGrad for different e.

€ ResNets 20  ResNets 56 DenseNets ResNet 18 VGG
1077 [ 92.80+£0.22 94.124+0.07 94.92+0.10 | 77.26+0.30 75.84+£0.16
1072 | 92.890 +0.07 94.20+0.18 94.434+0.22 | 76.23+0.26 75.37 £0.18
1074 | 91.85+0.10 93.50+0.14 94.024+0.18 | 76.30 +0.31 74.444+0.16
1076 | 91.984+0.23 93.54+0.16 94.174+0.10 | 76.14+0.16 74.17 £0.28
1078 | 91.704+0.12 93.10+0.11 93.714+0.05 | 76.324+0.11 74.26 £0.18

dimensions and there are always some coordinates in the A-LR of AGMs that
reach the maximum 10® determined by e (because we use e = 1078 in ADAM).

This anisotropic scale of A-LR across dimensions makes it difficult to de-
termine the B-LR, 7. On the one hand, 1 should be set small enough so that
the LR # is appropriate, or otherwise some coordinates will have very large
updates because the corresponding A-LR’s are big, likely resulting in perfor-
mance oscillation [22]. This may be due to that exponential moving average
of past gradients is different, hence the speed of m; diminishing to zero is dif-
ferent from the speed of ,/v; diminishing to zero. Besides, noise generated in
stochastic algorithms has nonnegligible influence to the learning process. On
the other hand, very small n may harm the later stage of the learning process
since the small magnitude of m; multiplying with a small step size (at some
coordinates) will be too small to escape sharp local minimal, which has been
shown to lead to poor generalization [23, 24, 25]. Further, in many deep learning
tasks, stage-wise policies are often taken to decay the LR after several epochs,
thus making the LR even smaller. To address the dilemma, it is essential to
control the A-LR, especially when stochastic gradients get close to 0.

By analyzing previous modified AGMs that aim to close the generalization
gap, we find that all these works can be summarized into one technique: con-
straining the A-LR, 1/(,/v;+e€), to a reasonable range. Based on the observation
of anisotropic A-LR, we propose a more effective way to calibrate the A-LR ac-
cording to an activation function rather than hard-thresholding the A-LR at all
coordinates, empirically improve generalization performance with theoretical
guarantees of optimization.
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3.2. Sensitive to e.

As a hyper-parameter in AGMs, ¢ is originally introduced to avoid the zero
denominator issue when v; goes to 0, and has never been studied in the conver-
gence analysis of AGMs. However, it has been empirically observed that AGMs
can be sensitive to the choice of € in [17, 14]. As shown in Figure 1, a smaller
e = 1078 leads to a wide span of the A-LR across the different dimensions,
whereas a bigger € = 1073 as used in Y0GI, reduces the span. To better learn
the effect caused by sensitive €, we conduct experiments in multiple datasets and
results are shown in Table 1 and 2. The setting of € is the main force causing
anisotropy, unsatisfied, there has no theoretical result explains the effect of € on
AGMs. Inspired by our observation, we believe that the current convergence
analysis for ADAM is not complete if omitting e.

Most of the existing convergence analysis follows the line in [12] to first
project the sequence of the iterates into a minimization problem as x441 = ¢ —

—m, = min, o (2 — (s — —k=my))||, and then examine if ol (@1 — )|

decreases over iterations. Hence, € is not discussed in this line of proof because
it is not included in the step size. In our later convergence analysis section, we
introduce an important lemma, bounded A-LR, and by using the bounds of the
A-LR (specifically, the lower bound p; and upper bound pe both containing
e for ADAM), we give a new general framework of prove (details in Appendix)
to show the convergence rate for reaching an z that satisfies E[||V f(z4)[|?] < §
in the nonconvex setting. Then, we also derive the optimality gap from the
stationary point in the convex and P-L settings (strongly convex). Notice that
in the original analysis of ADAM [12], one can not guarantee that v; < v,
holds, hence, our following theoretical analyses are typically for AMSGRAD
method and SAMSGRAD method.

Theorem 3.1. [Nonconvex]| Suppose f(x) is a nonconvex function that sat-

isfies Assumption 1. Let ny =n = O(%), AMSGRAD has

. 2 < = —_“
Jnin BIIVF(z)lF] < ==+ 75 +

% L?p2 2 L2 —p1)dGH
where Cy = L[ (1) =[] +(55 22 (125 )+ 42+ 212 B2, Oy = Sl juddGl ¢y

2 2 2 2
Lﬁkﬁ[ﬁiw, 1 and po are A-LR parameters that are defined in Lemma 5.1.
Because L,G, H, 31 are constants, we have

1 d ., d
VT €I eTT

We show theoretical guarantee of ADAM under nonconvex setting, which
recovers the same convergence rate as SGD in terms of the maximum iteration

T as O(1//T). Different from O(log(T)/~/T) in [16], we choose to set stepsize
asn =n= O(%) here and in the following analyses, which is widely used and

min E[|[Vf(@)]*] < O )

easy to implement.
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Assumption E[||z; — 2*||] < D, Vt is commonly used in the proofs of SGD or
AGMs to guarantee that the iterates do not go too far away from the optimal
solution in the stochastic process. For fair comparison, we follow the same
assumption used in [6] and provide the following result.

Theorem 3.2. [Non-strongly Convex]| Suppose f(x) is a convex function
that satisfies Assumption 1. Assume that Vt, E[||xz; —z*||]] < D, for any m # n,

El||zm — 2nll] € Do, let ny =n = O(%), AMSGRAD has a convergence rate

that satisfies f(Zy) — f* < O(#), where T, = + Zthl Zy.

The item dominating the convergence rate of ADAM is O(%), where C' =
D? | whp2 , PdH® (2 2 B, D? BiDZ Bims g2 -
2p1 + /L?H + 2#11(1—[31)(“2 Nl) +~ /Ll(ll—ﬂl) + /tl(i—[h)?’ + (1—[31§/L1H . With
fixed L,G, H, 51, D, Dy, we have C' = O(e%), which contains e and dimension
d. When € becomes bigger, the convergence rate is better. This observation
supports the discussion in our paper.

Theorem 3.3. [P-L Condition] Suppose f(x) has P-L condition (with param-
eter \) holds under convez case, satisfying Assumption 1. Let n, =n = O(Z5),
AMSGRAD has the convergence rate:  E[f(zp41)—f*] < (1— %)TE[f(xl)—
1+ 0(%),

The constants contained in big O include L, G, H, 51 and A-LR parameters

w1, and po. The P-L condition is weaker than strongly convex, and for the
strongly-convex case, we also have:

Corollary 3.3.1. [Strongly Convex] Suppose f(x) is p-strongly convex func-
tion that satisfies Assumption 1. Let ny = n = O(7z), AMSGRAD has the

convergence rate: E[f(zriq) — f*] < (1— %)TE[f(xl) — f*1+0(%)

This is the first time to theoretically include € into analysis. As expected,
the convergence rate of AMSGRAD is highly related with e. A bigger e will
enjoy a better convergence rate since € will dominate the A-LR and behaves like
S-Momentum; A smaller € will preserve stronger “adaptivity”, we need to find
a better way to control e.

4. The Proposed Algorithms

We propose to use activation functions to calibrate AGMs, and specifically
focus on using softplus funciton on top of AbDAM and AMSGRAD methods.
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4.1. Activation Functions Help

Activation functions (such as sigmoid, ELU, tanh) transfer inputs to outputs
are widely used in deep learning area. As a well-studied activation function,
softplus(z) = % log(1+ €7?) is known to keep large values unchanged (behaved
like function y = z) while smoothing out small values (see Figure 2 (a)). The
target magnitude to be smoothed out can be adjusted by a hyper-parameter
B € R. In our new algorithms, we introduce softplus(y/vi) = %log(l + e Ve
to smoothly calibrate the A-LR. This calibration brings the following benefits:
(1) constraining extreme large-valued A-LR in some coordinates (corresponding
to the small-values in v;) while keeping others untouched with appropriate £.
For the undesirable large values in the A-LR, the softplus function condenses
them smoothly instead of hard thresholding. For other coordinates, the A-LR
largely remains unchanged; (2) removing the sensitive parameter ¢ because the
softplus function can be lower-bounded by a nonzero number when used on

non-negative variables, softplus(-) > %log 2.

0.06 0.95
— /=50
0.05 —3=100
- [3=200
0.04 3=500 0.9
3=1000

0.03 y=X
0.85
0.02
0.01
g 0.8
0 o
-0.05 0 0.05 Epoch
(a) Softplus function with different (b)) Testing accuracy for ResNets 56

parameter j3

Figure 2: Behavior of the softplus function, and the test performance of our SADAM algorithm.

After calibrating /v, with a softplus function, the anisotropic A-LR becomes
much more regulated (see Figure 3 and Appendix), and we clearly observe im-
proved test accuracy (Figure 2 (b) and more figures in Appendix). We name
this method “SADAM” to represent the calibrated ADAM with softplus function,
here we recommend using softplus function but it is not limited to that, and the
later theoretical analysis can be easily extended to other activation functions.
More empirical evaluations have shown that the proposed methods significantly
improve the generalization performance of ADAM and AMSGRAD.

4.2. Calibrated AGMs

With activation function, we develop two new variants of AGMs: SADAM
and SAMSGRAD (Algorithms 1 and 2), which are developed based on ADAM
and AMSGRAD respectively.
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Algorithm 1 SADAM Algorithm 2 SAMSGRAD

Input: z; € RY Ilearning rate Input: 2; € R? learning rate
{m}E |, parameters 0 < B1,82 < 1, {m}L, parameters 0 < 1,82 < 1,

8. B.
Initialize mg =0, v9g =0 Initialize mo =0, 99 =0
fort=1to T do fort=1to T do
Compute stochastic gradient g; Compute stochastic gradient g;
my = Prme—1 + (1 — B1)ge my = Bimy—1 + (1 — B1)ge
vp = Bove_1 + (1 — Bo)g? O = Baly—1 4+ (1 — B2)g?
vy = max{vi_1, Us }
$t+1:$t_softp+ts(\/m@mt l‘t+1:$t_softp+ts(m®mt
end for end for

The key step lies in the way to design the adaptive functions, instead of
using the generalized square root function only, we apply softplus(-) on top
of the square root of the second-order momentum, which serves to regulate A-
LR’s anisotropic behavior and replace the tolerance parameter € by the hyper-
parameter § used in the softplus function.

In our algorithms, the hyper-parameters are recommended as 5; = 0.9,
B2 = 0.999. For clarity, we omit the bias correction step proposed in the origi-
nal ADAM. However, our arguments and theoretical analysis are applicable to
the bias correction version as well [6, 26, 14]. Using the softplus function, we in-
troduce a new hyper-parameter 3, which performs as a controller to smooth out
anisotropic A-LR, and connect the ADAM and S-Momentum methods automat-
ically. When § is set to be small, SADAM and SAMSGRAD perform similarly
to S-Momentum; when 3 is set to be big, softplus(y/v¢) = %log(l + e Vi) &
%log(eﬁ'\/a) = /vt, and the updating formula becomes x4 = x; — \7;}7 © my,
which is degenerated into the original AGMs. The hyper-parameter 5 can be
well tuned to achieve the best performance for different datasets and tasks.
Based on our empirical observations, we recommend to use S = 50.

As a calibration method, the softplus function has better adaptive behavior
than simply setting e. More precisely, when ¢ is large or § is small, ADAM and
AMSGrad amount to S-Momentum, but when € is small as commonly suggested
108 or 3 is taken large, the two methods are different because comparing Figure
1 and 3 yields that SADAM has more regulated A-LR distribution. The proposed
calibration scheme regulates the massive range of A-LR back down to a moderate
scale. The median of A-LR in different dimensions is now well positioned to the
middle of the 25-75 percentile zone. Our approach opens up a new direction
to examine other activation functions (not limited to the softplus function) to
calibrate the A-LR.

The proposed SADAM and SAMSGRAD can be treated as members of a
class of AGMs that use the softplus (or another suitable activation) function to
better adapt the step size. It can be readily combined with any other AGM,

10
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e.g., RMSROP, YOGI, and PADAM. These methods may easily go back to the

original ones by choosing a big 3.
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Figure 3: Behavior of the A-LR in the SADAM method with different choices of 8 (CNN on
the MNIST data).

5. Convergence Analysis

We first demonstrate an important lemma to highlight that every coordi-
nate in the A-LR is both upper and lower bounded at all iterations, which is
consistent with empirical observations (Figure 1), and forms the foundation of
our proof.

Lemma 5.1. [Bounded A-LR] With Assumption 1, for anyt > 1, j € [1,d],

B2 € [0,1], and € in ADAM, 8 in SADAM, anisotropic A-LR is bounded in AGMs,
ADAM has (p1, p2)-bounded A-LR:

p1 < < 2,

1
v/ Ut,j +e€
SADAM has (s, pta)-bounded A-LR:

/’L3§ )§N47

1
softplus(\/vr;

11
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where 0 < 1 < pg, and 0 < ps < ug.

Remark 5.2. Besides the square root function and softplus function, the A-LR
calibrated by any positive monotonically increasing function can be bounded. All
of the bounds can be shown to be related to € or 3 (see Appendix). Bounded
A-LR is an essential foundation in our analysis, we provide a different way of
proof from previous works, and the proof procedure can be easily extended to
other gradient methods as long as bounded LR is satisfied.

Remark 5.3. These bounds can be applied to all AGMs, including ADAGRAD.
In fact, the lower bounds actually are not the same in ADAM and ADAGRAD,
because ADAM will have smaller /vy ; due to moment decay parameter 33. To
achieve a unified result, we use the same relaxation to derive the fixed lower
bound 1.

We now describe our main results of SAMSGRAD in the nonconvex case, we
clearly show that similar to Theorem 3.1, the convergence rate of SAMSGRAD is
related to the bounds of the A-LR. Our methods have improved the convergence
rate of AMSGRAD when comparing self-contained parameters ¢ and .

Theorem 5.4. [Nonconvex| Suppose f(x) is a nonconvex function that sat-
isfies Assumption 1. Let ny =n = O(%), SAMSGRAD method has

a0, o

+ =+
VT T  TVT

L%u? 2 Lyu? —u3)dGH
where C; = N%[f(Il) —fr]+( 2;:24(1&31[31 )2+ 2%‘3 + %)HQ,CE = 7&%4_;13)3“ )

and C3 = %H? With fized L, G, H, 31, we have C; = O(3?), Cy =

O(dp), C3 = O(dB?). Therefore,

min_ B[V ()] =

t:IEiETE[”Vf(xt)HQ] < O(ﬁ Vi

Remark 5.5. Compared with the rate in Theorem 3.1, the convergence rate
of SAMSGRAD relies on B, which can be a much smaller number (8 = 50
as recommended) than % (commonly e = 1078 in AGMs), showing that our
methods have a better convergence rate than AMSGRAD. When [ is huge,
SAMSGRAD s rate is comparable to the classic AMSGRAD. When 8 is small,
the convergence rate will be O(ﬁ) which recovers that of SGD [1].

Corollary 5.5.1. Treat € or 8 as a constant, then SAMSGRAD method with
fized L,o,G, 31, and n = O(ﬁ), have complexity of O(ﬁ), and thus call for

0(6%) iterations to achieve d-accurate solutions.

12
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Theorem 5.6. [Non-strongly Convex] Suppose f(x) is a convex function
that satisfies Assumption 1. Assume that E[|z: — x*||] < D, Vt, and E[||xm —
Tulll € Doo, VM #n, let gy =n = O(%), SAMSGRAD has f(Zy) — f* <

O(ﬁ), where T; = % Zthl Ty.

The dominating item of convergence order of SADAM should be O(%),

=5 D2, pid o B1dH? 2 9 B1D? B3 D2, Bius 2

where C' = %‘FﬁH +m(/‘4 /1'3)—’_ ﬂg(i*ﬁl) + u3(17ﬁ1)3 + (1*51§%3H ’
. d

The accurate convergence rate will be O(#) for AMSGRAD and O(%) for

SAMSGRAD with fixed L, o, G, 81, D, Dy . Some works may specify additional

sparsity assumptions on stochastic gradients, and in other words, require that

Z?:l Zj:1 llge.;|| < VdT [5,12, 15, 20] to reduce the order from d to v/d. Some

works may use the element-wise bounds o; or G;, and apply Z?Zl o; =0, and

Z?:l G; = G to hide d. In our work, we do not assume sparsity, so we use o
and G throughout the proof. Otherwise, those techniques can also be used to
hide d from our convergence rate.

Corollary 5.6.1. If € or (8 is treated as constants, then SAMSGRAD method
with fized L,o,G,B1, and n = O(%) in the convex case will call for 0(5%)
iterations to achieve d-accurate solutions.

Theorem 5.7. [P-L Condition] Suppose f(x) satisfies the P-L condition
(with parameter X) and Assumption 1 in the convex case. Let ny =1 = O(75),
SAMSGRAD has:

2\
T2

Elf(wri) — £ < (1= 28T Blj(m) - £+ O(7).

The constants contained in big O include L, G, H, 51, and A-LR parameters
11, and ps. We also include the P-L condition situation as below.

Corollary 5.7.1. [Strongly Convex] Suppose f(x) is p-strongly convex func-
tion that satisfies Assumption 1. Let 1, = 1 = O(75), SAMSGRAD has the
convergence rate:

Elf(ers) — £ < (1= 222 Bl () — £+ 0(7).

In summary, our methods share the same convergence rate as AMSGRAD,
and enjoy even better convergence speed if comparing the common values chosen
for the parameters € and 8. Our convergence rate recovers that of SGD and
S-Momentum in terms of 1" for a small S.

13



345

350

355

360

365

370

6. Experiments

We compare SADAM and SAMSGRAD against several state-of-the-art op-
timizers including S-Momentum, ADAM, AMSGRAD, YOGI, PADAM, PAMS-
GRAD, ADABOUND, and AMSBOUND. More results and architecture details are
in Appendix.

Experimental Setup. We use three datasets for image classifications:
MNIST, CIFAR-10 and CIFAR-~100 and two datasets for LSTM language mod-
els: Penn Treebank dataset (PTB) and the WikiText-2 (WT2) dataset. The
MNIST dataset is tested on a CNN with 5 hidden layers. The CIFAR-10 dataset
is tested on Residual Neural Network with 20 layers (ResNets 20) and 56 layers
(ResNets 56) [9], and DenseNets with 40 layers [11]. The CIFAR-100 dataset is
tested on VGGNet [27] and Residual Neural Network with 18 layers (ResNets
18) [9]. The Penn Treebank dataset (PTB) and the WikiText-2 (WT2) dataset
are tested on 3-layer LSTM models [28].

We train CNN on the MNIST data for 100 epochs, ResNets/DenseNets on
CIFAR-10 for 300 epochs, with a weight decay factor of 5 x 10~% and a batch
size of 128, VGGNet/ResNets on CIFAR-100 for 300 epochs, with a weight
decay factor of 0.025 and a batch size of 128 and LSTM language models on
200 epochs. For the CIFAR tasks, we use a fixed multi-stage LR decaying
scheme: the B-LR decays by 0.1 at the 150-th epoch and 225-th epoch, which is
a popular decaying scheme used in many works [29, 18]. For the language tasks,
we use a fixed multi-stage LR decaying scheme: the B-LR decays by 0.1 at the
100-th epoch and 150-th epoch. All algorithms perform grid search for hyper-
parameters to choose from {10, 1,0.1,0.01,0.001,0.0001} for B-LR, {0.9,0.99}
for f1 and {0.99,0.999} for fo. For algorithm-specific hyper-parameters, they
are tuned around the recommended values, such as p € {§, 7=} in PADAM and
PAMSGRAD. For our algorithms, f§ is selected from {10,50,100} in SADAM
and SAMSGRAD, though we do observe fine-tuning 3 can achieve better test
accuracy most of time. All experiments on CIFAR tasks are repeated for 6 times
to obtain the mean and standard deviation for each algorithm.

03 S-Momentum
025 Adam
- AMSGrad
AdaBound 0.99
0.2 —PAMSGrad
- — - Sadam
0.15 = = - SAMSGrad 0.8 S-Momentum
¥ ——Adam
01 | AMSGrad
097 ——AdaBound
‘& ——PAMSGrad
005 Tk k - = —Sadam
0 0.98 - - —SAMSGrad
0 20 40 60 80 100 0 20 40 80 80 100
Epoch Epoch
(a) Training Loss (b ) Testing Accuracy

Figure 4: Training loss and test accuracy on MNIST.
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Table 3: Test Accuracy(%) of CIFAR-10 for ResNets 20, ResNets 56 and DenseNets.

’ Method \ B-LR € B8 ResNets 20 ResNets 56 DenseNets
S-Momentum [9, 11] - - - 91.25 93.03 94.76
ADAM [14] 1073 1073 - 92.564+0.14 934240.16 93.35+0.21
Yoar [14] 1072 1073 - 92.6240.17 93.904+0.21 94.38 £0.26
S-Momentum 10T - - 92734005 94.114+0.15 95.03+0.15
ADAM 1073 1078 - 91.68+0.12 92.824+0.09 93.32+0.06
AMSGRAD 1073 1078 - 91.7+0.12 93.104+0.11  93.714+0.05
PADAM 10-* 1078 - 92.7+0.10 94.124+0.12  95.06 & 0.06
PAMSGRAD 107t 107% -  92.74+0.12 94.18+0.06 95.21+0.10
ADABOUND 1072 100®% -  91.59+024 93.09+0.14 94.16£0.10
AMSBOUND 1072 1078 - 91.76+0.16 93.084+0.09 94.03+0.11
ADAM™ 107! 0.013 - 92.894+0.13 92.244+0.10 94.54+0.13
AMSGRAD™ 107'  0.013 - 92.954+0.17 94.32+0.10 94.58+0.18
SADAM 102 - 50 93.01+0.16 94.264+0.10 95.1940.18
SAMSGRAD 1072 - 50 92.884+0.10 94.32+0.18 95.31+0.15

Image Classification Tasks. As a sanity check, experiment on MNIST
has been done and its results are in Figure 4, which shows the learning curve for
all baseline algorithms and our algorithms on both training and test datasets.
As expected, all methods can reach the zero loss quickly, while for test accuracy,
our SAMSGRAD shows increase in test accuracy and outperforms competitors
within 50 epochs.

Using the PyTorch framework, we first run the ResNets 20 model on CI-
FAR10 and results are shown in Table 3. The original AbAM and AMSGRAD
have lower test accuracy in comparison with S-Momentum, leaving a clear gen-
eralization gap exactly same as what is previously reported. For our methods,
SADAM and SAMSGRAD clearly close the gap, and SADAM achieves the best
test accuracy among competitors. We further test all methods with CIFAR10
on ResNets 56 with greater network depth, and the overall performance of each
algorithm has been improved. For the experiments with DenseNets, we use a
DenseNet with 40 layers and a growth rate £ = 12 without bottleneck, channel
reduction, or dropout. The results are reported in the last column of Table
3, SAMSGRAD still achieves the best test performance, and the proposed two
methods largely improve the performance of ADAM and AMSGRAD and close
the gap with S-Momentum.

Furthermore, two popular CNN architectures: VGGNet [27] and ResNetsl18
[9] are tested on CIFAR-100 dataset to compare different algorithms. Results
can be found in Figure 5 and repeated results are in Appendix. Our proposed
methods again perform slightly better than S-Momentum in terms of test accu-
racy.

LSTM Language Models. Observing the significant improvements in
deep neural networks for image classification tasks, we further conduct experi-
ments on the language models with LSTM. For comparing the efficiency of our
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Figure 5: Training loss and test accuracy of two CNN architectures on CIFAR-100.

proposed methods, two LSTM models over the Penn Treebank dataset (PTB)
[30] and the WikiText-2 (WT2) dataset [31] are tested. We present the single-
model perplexity results for both our proposed methods and other competitive
methods in Figure 6 and our methods achieve both fast convergence and best
generalization performance.

In summary, our proposed methods show great efficacy on several standard
benchmarks in both training and testing results, and outperform most optimiz-
ers in terms of generalization performance.

7. Conclusion

In this paper, we study adaptive gradient methods from a new perspective
that is driven by the observation that the adaptive learning rates are anisotropic
at each iteration. Inspired by this observation, we propose to calibrate the adap-
tive learning rates using an activation function, and in this work, we examine
softplus function. We combine this calibration scheme with ADAM and AMS-
GRAD methods and empirical evaluations show obvious improvement on their
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Figure 6: Perplexity curves on the test set on 3-layer LSTM models over PTB and WT2
datasets

generalization performance in multiple deep learning tasks. Using this calibra-
tion scheme, we replace the hyper-parameter € in the original methods by a
new parameter 8 in the softplus function. A new mathematical model has been
proposed to analyze the convergence of adaptive gradient methods. Our anal-
ysis shows that the convergence rate is related to € or 3, which has not been
previously revealed, and the dependence on € or 8 helps us justify the advantage
of the proposed methods. In the future, the calibration scheme can be designed
based on other suitable activation functions, and used in conjunction with any
other adaptive gradient method to improve generalization performance.
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Appendix
A.1. Architecture Used in Our Experiments

Here we mainly introduce the MNIST architecture with Pytorch used in our
empirical study, ResNets and DenseNets are well-known architectures used in
many works and we do not include details here.

H layer ‘ layer setting H

F.relu(self.convl(x)) self.convl = nn.Conv2d(1, 6, 5)
F.max_pool2d(x, 2, 2)
F.relu(self.conv2(x)) self.conv2 = nn.Conv2d(6, 16, 5)

x.view(-1, 16%4)

F.relu(self.fc1(x)) self.fcl = nn.Linear(16*4*4, 120)
x= F.relu(self.fc2(x)) self.fc2 = nn.Linear(120, 84)
x = self.fc3(x) self.fc3 = nn.Linear(84, 10)

F.log_softmax(x, dim=1)

B.2. More Empirical Results

In this section, we perform multiply experiments to study the property of
anisotropic A-LR exsinting in AGMs and the performance of softplus function
working on A-LR. We first show the A-LR range of popular ADAM-type meth-
ods, then present how the parameter 8 in SADAM and SAMSGRAD reduce the
range of A-LR and improve both training and testing performance.

B.2.1. A-LR Range of AGMs

Besides the A-LR range of ADAM method, which has shown in main pa-
per, we further want to study more other ADAM-type methods, and do ex-
periments focus on AMSGRAD, PADAM, and PAMSGRAD on different tasks
(Figure B.2.1, B.2.2, and B.2.3). AMSGRAD also has extreme large-valued
coordinates, and will encounter the “small learning rate dilemma” as well as
ApaM. With partial parameter p, the value range of A-LR can be largely nar-
row down, and the maximum range will be reduced around 10? with PADAM,
and less than 102 with PAMSGRAD. This reduced range, avoiding the “small
learning rate dilemma”, may help us understand what “trick” works on ADAM’s
A-LR can indeed improve the generalization performance. Besides, the range of
A-LR in Yoar, ADABOUND and AMSBOUND will be reduced or controlled by
specific € or clip function, we don’t show more information here.
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Figure B.2.1: A-LR range of AMSGRAD (a), PADAM (b), and PAMSGRAD (c) on MNIST.
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Figure B.2.3: A-LR range of AMSGRAD (a), PApAM (b), and PAMSGRAD (c) on DenseNets.

B.2.2. Parameter 8 Reduces the Range of A-LR

The main paper has discussed about softplus function, and mentions that
it does help to constrain large-valued coordinates in A-LR while keep others
untouched, here we give more empirical support. No matter how does 3 set, the
modified A-LR will have a reduced range. By setting various f’s, we can find
an appropriate 8 that performs the best for specific tasks on datasets. Besides
the results of A-LR range of SADAM on MNIST with different choices of 5, we
also study SADAM and SAMSGRAD on ResNets 20 and DenseNets.
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Figure B.2.7: The range of A-LR: 1/softplus(y/vt), vi = max{vi—1, 0t} over iterations for
SAMSGRAD on ResNets 20 with different choices of .
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Figure B.2.8: The range of A-LR: 1/softplus(,/vt) over iterations for SADAM on DenseNets
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Figure B.2.9: The range of A-LR: 1/softplus(y/vt), vi = max{vi—1, 0t} over iterations for
SAMSGRAD on DenseNets with different choices of S3.

Here we do grid search to choose appropriate /3 from {10, 50, 100, 200, 500, 1000}.
In summary, with softplus fuction, SADAM and SAMSGRAD will narrow down
the range of A-LR, make the A-LR vector more regular, avoiding ”small learning
rate dilemma” and finally achieve better performance.
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B.2.3. Parameter 3 Matters in Both Training and Testing

After studying existing ADAM-type methods, and effect of different 8 in
adjusting A-LR, we focus on the training and testing accuracy of our softplus
framework, especially SADAM and SAMSGRAD, with different choices of S.
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Figure B.2.11: Performance of SAMSGRAD on CIFAR-10 with different choice of .
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C.3. CIFAR100

Two popular CNN architectures are tested on CIFAR-100 dataset to com-
pare different algorithms: VGGNet [27] and ResNets18 [9]. Besides the figures
in main text, we have repeated experiments and show results as follows. Our

proposed methods again perform slightly better than S-Momentum in terms of

test accuracy.

Table C.3.1: Test Accuracy(%) of CIFAR100 for VGGNet.

Method 50th epoch  150th epoch  250th epoch best perfomance
S-Momentum | 59.09 +2.09 61.25+1.51 76.144+0.12 76.43 £ 0.15
ADAM 60.21 +£0.81 62.98+0.10 73.81£0.17 74.18 £0.15
AMSGRAD | 61.00+1.17 63.27£1.18 74.04 £0.16 74.26 £ 0.18
PApAM 53.62+1.70 56.02+0.86 75.85+0.20 76.36 +0.16
PAMSGRAD | 52.494+3.07 57.39+1.40 75.82+0.31 76.26 +0.30
ApABOUND | 60.27+£0.99 60.36 £1.71 75.86 £0.23 76.10 +0.22
AMsBouNnD | 59.88 £0.56 60.11+1.92 75.74+0.23 75.99 +0.20
ADAMT™ 43.59 +2.71 44.46 +£4.39 74.91 +0.36 75.58 +0.33
AMSGRADT | 44.45+2.83 45.61 +£3.67 74.85+0.08 75.56 = 0.24
SADAM 58.59 +1.60 61.27+1.67 76.35+0.18 76.64 + 0.18
SAMSGRAD | 59.16 +£1.20 60.86+0.39 76.27 £0.23 76.47 +0.26

Table C.3.2: Test Accuracy(%) of CIFAR100 for ResNets18.

Method 50th epoch ~ 150th epoch  250th epoch best perfomance
S-Momentum | 59.98 +1.31 63.32+1.61 77.194+0.36 77.50 +0.25
ADAM 63.40 +1.42 66.18+1.02 75.68£0.49 76.14 +0.24
AMSGRAD | 63.16 £0.47 66.59 +£1.42 75.92+0.26 76.32 £ 0.11
PApam 56.28 +£0.87 58.71+1.66 77.18+0.21 77.51+0.19
PAMSGRAD | 54.34+2.21 58814195 77.414+0.17 77.67+0.14
ApABouND | 61.13+0.84 64.30+1.84 77.18+0.38 77.50 £ 0.29
AMsBouND | 61.054+1.59 62.04 +2.10 77.08+£0.19 77.34+0.13
ADAM™T 46.5+2.12 48.68 +4.06 76.86 + 0.36 77.19 £ 0.28
AMSGRADT | 49.06 £3.23 50.75+2.45 76.58 +0.21 76.91 +0.12
SADAM 59.00 £1.09 62.75+1.03 77.26£0.30 77.61 +£0.19
SAMSGRAD | 59.63 +£1.27 63.44+1.84 77.31+0.40 77.70 £0.31

D.4. Theoretical Analysis Details

We analyze the convergence rate of ADAM and SADAM under different cases,
and derive competitive results of our methods. The following table gives an
overview of stochastic gradient methods convergence rate under various condi-
tions, in our work we provide a different way of proof compared with previous
works and also associate the analysis with hyperparameters of ADAM methods.
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D.4.1. Prepared Lemmas

We have a series of prepared lemmas to help with optimization convergence
rate analysis, and some of them maybe also used in generalization error bound
analysis.

Lemma D.4.1. For any vectors a,b,c € R?, < a,b® ¢ >=< a ® b,c >=<
a®Vb,e® Vb >, here ® is element-wise product,\/B s element-wise square
T00%.

Proof.

ai bicy

<a,boc>=<| |, : >=aibic1 + -+ agbgcy
aq baca
a1by €

<a®bc>=< : | | >=aibicr + - + agbaca
agbg Cq
a1v/by Vbic

<a®VbhcoVh>=< : , : >=a1bicy + - + agbgcq

aqv/ba Vbacq

Lemma D.4.2. For any vector a, we have

la®|oo < lall®. (2)

Lemma D.4.3. All momentum-based optimizers using first momentum m; =
Bimy—1 + (1 — B1)gr will satisfy

[mel| < H. (3)

Proof. We use induction to prove that |m|| < H. Since my = 0, we have
[[moll < H. Suppose [[m¢_1|| < H, we have [[my = [[Bimi—1 + (1 — B1)ge]| <
(B + (1 = Bu))maz{|[mil, [lg: I} = maz{[[mi-1l,lg:]} < H. We can easily
derive ||m;||> < H?. Also, from the updating rule of first momentum estimator,
we can derive

my =i (1= B1)B1 g (4)
Let T, =%t i7" = 1:—25, by Jensen inequality and Assumption 1(c),
i (1-B0)B""
E[[|m:|?*] = ElI%iZ (1 = 8181 gill*] = F?E[Hzﬁﬂrilgim
t—i
< TS (1 - ﬁl)z%tE[ngiHQ] <Ti(1—61)*Si, A1 E[H?

< H?.
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Lemma D.4.4. Each coordinate of vector vy = [avy_1 + (1 — B2)g? will satisfy
E[Utyj] S H2,

where j € [1,d] is the coordinate inde.

Proof. From the updating rule of second momentum estimator, we can derive
vy =S (1= B2)B5 "3, > 0. (5)

Since the decay parameter By € [0,1), Si_ (1 — B2)BE" =1 — g5 < 1. From
Assumption 1(c),

Elvi ] = E[Zi_, (1 = B2) é_igzz,j] <N (1 Be)B5 (H?) < H?.

And we can derive the following important lemma:

Lemma D.4.5. [Bounded A-LR] For anyt > 1, j € [1,d], B2 € [0,1], and
fized € in AMSGRAD and B defined in softplus function in SAMSGRAD, the
following bounds always hold:

AMSGRAD has (p1, p2)— bounded A-LR:

1 < < e (6)

1
/Ut + €
SAMSGRAD has (s, pa)— bounded A-LR:

1
3 < ) < pa; (7)

softplus(\/vs,;

where 0 < p1 < pg, 0 < ps < py. For brevity, we use uy, iy, denoting the lower
bound and upper bound respectively, and both AMSGRAD and SAMSGRAD will
be analyzed with the help of (ui, fu,).

Proof. For AMSGRAD, let u; = ﬁ, Lo = %7 then we can get the result in

(6).
For SAMSGRAD, notice that softplus(-) is a monotone increasing function,
and /Uy, is both upper-bounded and lower-bounded, then we have (7), where

-1 - _ B
M3 = Tlog(1+eP )’ Ha = §log(1+eP0) = log2” =
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Lemma D.4.6. Define z, = xt—l-%(xt—wt,l),w >1p1€[0,1). Letn =,
then the following updating formulas hold:
Gradient-based optimizer

2t =T,  Zt41 = 2t — NGt; (8)
AMSGRAD optimizer
np1 1 1

n .
21 = 1—51(\/m+6 \/Ft—i-e)@mt_l \/Ft—i-e@gt’ )
SAMSGRAD optimizer
_ b1 1 _ 1 __n___
SR Zt+1 - b1 (softplus(1 /Ut—1) softplus(\/a))®mt71 softplus(y/v) Ogt-
(10)

Proof. We consider the AMSGRAD optimizer and let 5; = 0, we can easily
derive the gradient-based case.

($t+1 - xt)

A
1-p

1
Zt41 = 2t + 1-5 ($t+1 - IEt) 1 flﬂl (CUt - IEt—l)

Zt+1 = Te41 +

:ZﬁL T om,+ A T om,
1— 1o +e 1—pB1 /o1 +e
1B 1 1 n
=z + — Omi_1 — © gt-
TR e Vet O T g O
Similarly, consider the SAMSGRAD optimizer:
1
Zep1 = 2t + fﬁl(wm — o) g flﬁl (xt — 2¢-1)
1 n ei n
=2zt — © myg + © my_
"1 - By softplus(y/vr) T1-p softplus(\/vi_1) -t
_ Ly ( 1 _ 1 ) O ma_1 — n
18 softplus(\/v;—1)  softplus(\/vy) -t softplus(y/vt)
590 D

Lemma D.4.7. As defined in Lemma D.4.6, and with the condition that vy >
vi_1, we can derive the bound of distance of ||z;41 — 2:||* as follows:
AMSGRAD optimizer

277262H2 d 1 1
Elllze41 — 2% < 1 B ( —(——)7
o VUt—1,5 + e VUtj t €
+ 2n2u§H2 (11)
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SAMSGRAD optimizer

Mm2BH? & 1 - 1 )
E[Hthrl Zt” ] (1 _Bl ; Softplus(m)) (Softplus(\/W)) ]
P (12)

Proof. AMSGRAD case:

np1 1 1 n 2
E —z|*=F - L
eeer = 2lP) = Ell (e ~ =) Omi — =0l
nB1 1 1 2 7 2
< 2F — _ 2F
< 26| _ﬂl<m+€ fﬂmmt P+ 28— al]
2 2 2H2 d
AL B 2+ 207 3
(1-p1)2 = \/Vt—1,5 +e VUtj te€
o MBS 1
5 E[> ( —(—— )|+ 2’3 H?
1 - ,81 = VUVt—1,5 + 6 /Ut + €

The first inequality holds because ||a—b||? < 2||a||?+2|b]|?, the second inequality
holds because Assumption 1(c) and D.4.3 and Lemma D.4.5, the third inequality
holds because (a — b)? < a? — b* when a > b, and in our assumption, we have

so5 Uy > Uy_1 holds.
SAMSGRAD case:

nB1 1 1 n

o _ . n 2
Elllzesa = 2| = Ell 1—751 (softplus(m) softplus(\/ﬁ)) ©mi-1 softplus(\/vy) © gl
nb 1 1 2
< 2E]] 1- 3 (Softplus(\/ﬁ) B softplus(\/ﬂ)) ©mi—1|l]
n 2
+ 2EH|W ®© gt“]
w2 B2H? & 1 - 1 )
< 0= P o Frtuat ) ~ sortptusty))
2P H?
2772ﬂ12H2 zd: )2 _ ( 1 )2}
(1—051)2 = softplus (Vvi—1;) softplus(m)
+ 2,'7 ,U/2H2
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Because the softplus function is monotone increasing function, therefore, the
third inequality holds as well. O

Lemma D.4.8. As defined in Lemma D.4.6, with the condition that vy > vi_1,
so we can derive the bound of the inner product as follows:
AMSGRAD optimizer

n 22,2 A1 2 2772,
—E[(Vf(2)=Vf(z), \/1]7_’_6@90] < 2L (1—ﬁ )2H +277 *usH?; (13)
SAMSGRAD optimizer
n 2 2 2, P1 opo 1o 9o
—EKVf(Zt)—Vf(xt),W@gt)] S 2L M4(1 *51) H T pyH*.
(14)

Proof. Since the stochastic gradient is unbiased, then we have E[g:] = V f(x¢).
AMSGRAD case:

Ui
—FE|(V -V ,
(Vf(z) f(x) \/E-FE@gt)]
1
S*EHIVf(zt)—Vf(xt)Il ]+ E[H\ﬁ+ ® g%
L? 9
< —F — E
< - Blll=t a|? I+3 [H\FJr ® ge7]
L2 61 2 2
S El||z: — 2 lp
(2Bl — a4 m\ﬁ+ © gl
L B 2 n 2
2Bl o mel)+ Bl o al?
1 8 1
< 2722,20 P o2 L2 2
<5 "“2(1—51) +on s
605 The first inequality holds because $a* + 1b*> > — < a,b >, the second

inequality holds for L-smoothness, the last inequalities hold due to Lemma D.4.3
and D.4.5.
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Similarly, for SAMSGRAD, we also have the following result:

—E[(Vf(2z) = Vf(x), W‘W © g¢)]
1 1 Ui
< iE[HVf(Zt) — Vf(z)|?) + §E[”WS(\/@ oy
< L mley - wl? + 1Bl —— L 0 g
- 2 t t 2 softplus(y/vr) gt
L B 1 n
= 7(1 — ﬁl)QE[th — x|+ §E[HWS(\/@) © g%
L B n 1 n
= 7(1 _ﬁl)Q [Hsoftplus(\/m) © me—1 ] + §E[HWS(\/@ ® g%
< %LG%i(lfilﬁl)%ﬂ + %TI2H3H2-
O

D.4.2. AMSGRAD Convergence in Nonconvex Setting
s Proof. From L-smoothness and Lemma D.4.6, we have

nB1 1 1

:f(Zt)+1_61<Vf(Zt),(m+€—\/E+6)®mt_1>
~ (VG T 0 + Gl

Take the expectation on both sides produces

N6 1 1

ELS (o) ~ 1G] < 25 EUT G, (o = ) o)
- B9, < © 0]+ 5 Bl = =
_ nh 1 1 m
= G TGO e — ) i)

= BV ) = V), © 0] = BT (o), © )

L
+ §E[||Zt+1 - z)?]

32



Substituting the results of the lemmas yields

nb 1 1
Elf(zt41) = f(z)] < 1 _ﬁlEKVf(Zt)’(\/H‘i"f - \/’th‘i‘E) © my—1)]

[P + S H? — BV (w0)

d
= 1 2 1 2 2 27172
T BI)QE[Q = (e

n
7\/U—t+€®gt>]

For the first term in the right hand side above, since ||m:|| < H, we can
further derive:

NP1 1 1
1—51E[<Vf(2f)7(\/m+6 - \F+6)®mt_1>]
131 1
< T 5 BV S GOl gﬁ+ Vo
nB1 d 1 1
< l_ﬂlGHE[Z

Then we can have

d
nB1 1 1
E — < GHE —
[f(zt41) = fl2)] = 77 X [;ﬂ e e ot
+ 1L2n2u2( Bl )2 2 + 1n2M2H2 E[<Vf($t) n o gt)]
2 1B 2" "2 "+ €
LB H? <

By rearranging,

Ui np 1 1
E[(V f(21), NoE © g0)] < E[f(z) = f(ze41)] + -4 GHE[; St Jmoie
+%L2 2 %(151/8 )2H2+%T]2 %H2
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The item on the left hand side also satisfies

B[V [f(x), N, ©gi)] = E| > iV f(2e);9,5 + > 12V f(2¢);9¢,5]
! (GIV F(24);90.5 >0} {(GIV £ (x1)j9:.; <0}
> Z iV f ()3 + Z paV f (1)
{JIVf(x¢);g¢,;>0} {JIVf(xe);9:,5<0}

> ||V £ (@)

Now we obtain:

2 7751 a 1 1
min[VF@)lI* < Blf () = o)) + 75 GHE[J_; N TN T

1 8, 1
*L2 2 2 2H2 2 2H2

+3 "”2(1—51) +277 13
L LPBE? S

1 2 2 27112
+ L H
TEAE Z W — ) =

Dividing both sides by nu; produces:

2o L _ A . 1 1
IVf@ol? < D Blf () = f )l + =g, GHE; e et
1
+ o nus( 515 )’ H +777u2H2
LnﬁfHQ a 1 2 Lnps o9
- z;\/ﬁ+e Gt T

Summing from ¢ = 1 to T', where T is the maximum number of iteration,
yields

T
1 B1 1 1
Vi(x)|?] < —E|[f(z) — ff ]+ ——=~——GHE -
DIV S} € B = )+ G CHEY, e = =]
T 51 T
+7L2 2 2H2+7 2H2
o (1= B1) N
LnB2H? ¢ 1 1 T Ly
+ 7761 > E[Z( )2 7( 2] + 77:“'2H2
(L=B1)’m = oo +€ VT, t € pa

34



Since vy = 0, us = =, we have

a 1 Bid
SV E)IY < —Elf(21) = £+ o GH(pz — 1)

pa— Ui (1= B1)m
T B T
+ 7[/2 2 2H2 + T H2
o a1 51) T
LnSydH? ) TLnp o

(1— B2 12 H pa

620

Multiplying the above inequality by %,

Bid

1 v 1 . X
Z| )’ < —= [f(h)‘f]‘*‘m

GH (p2 — 1
r= an ( )

1 1
4 L2 2 2H2 + 2H2
5 nua(T—2") 0,
LnBtdH* 5 o Lnpi o,
— — + —H
(1 . Bl)QﬂlT(’UQ Nl) I

1 * Bld
< T]MTE[f(Zl) — [+ WGH(M — 1)

1 p1 nus | LnBid(us —pi) | Lnus
+ (e P (2 + B2y BT ) | L

H2

1-5 2 (1= p1)2T p1

By setting n = %, let 9 = 1, then z; = 21, f(21) = f(x1) we derive the
final result:

min E{IVi@l?) < —=Blf(e) ~ £+ 5 at e GH i — )

mVT (1= BT

+( L?y3 ( B 2+ Wy LB —pd) | Lws V2
2 VT 1~ B 2mVT (1= B1)2mTVT VT
(G Cs
VT T TVt

where

Cr = ifan) - 14 (LD o Ly

1 2u1 1= 2
Cy — Bi(p2 — p1)dGH
(1= pB1)m
LBYdH?(p3 — pi)
Cy = =),
(1= B1)*m1
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Given L,G, H,[3; are constants, we have C; = O(S%), Cy = 0(9), O3 =
O(%). Therefore,

min_ BV /()| < O(5m + 5+ 50

+ — +
t=1,..., 62\/T eT EQT\/T)

O

Thus, we get the sublinear convergence rate of AMSGRAD in nonconvex
setting, which recovers the well-known result of SGD ([1]) in nonconvex opti-
mization in terms of T'.

Remark D.4.9. The leading item from the above convergence is C’l/\/T, €
plays an essential Tole in the complexity, and we derive a more accurate order
O(ﬁ) At present, € is always underestimated and considered to be not as-

sociated with accuracy of the solution ([14]). However, it is closely related with
complexity, and with bigger €, the computational complexity should be better.
This also supports the analysis of A-LR: viﬁ of AMSGRAD in our main
paper.

D.4.3. SAMSGRAD Convergence in Nonconvex Setting

As SAMSGRAD also has constrained bound pair (us, 114), we can learn from
the proof of AMSGRAD method, which provides us a general framework of such
kind of adaptive methods.

Similar to the AMSGRAD proof, from L-smoothness and Lemma D.4.6 , we
have

Proof. From L-smoothness and Lemma D.4.6, we have

f(ze1) < f(ze) +(Vf(21), 2641 — 20) + §||2t+1 -z

_ 1B 1 _ 1

= fla) + 1-53 (VS (z0), (softplus(\/H) softplus(\/ﬁ)) © M)
n L

—(Vf(21), softplus(y/n) ©gt) + §||Zt+1 -z

Taking expectation on both sides, and substituting the results of the lemmas,
we have
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E[f(zt41) — f(z)]
nB1 1 1

= 1-5 BV (), (softplus(\/m) a softplus(m)) ©mi-1)]
n L
— E[(Vf(z), softplus(yor) ©go]+ 5 Elllze+1 — 2|
np 1 1
= 1-53 B[V f(z0), (softplus(\/Uti) a softplus(\/tTt)) ©mi-1)]
_ n
BV (z), softplus(ﬁ) © 90)]
L772B2H2 1
(1- ;1 ; softplus (VPr=1;) )y - (SOftplus(m))2] + Lo pi B
_ b a 1 _ 1
C1-5 GHE[]; softplus(,/vi—1;) softplus(\/m)]
n n
— E[(Vf(zt) = Vf(z), WS(\/@ © gi)] — E[Vf(z1), WS(\/@ © gt)]
Ln2B2H2 d 1
(1-— }3’1 ; softplus (VVi=1,5) )y (SOftplus(m))2] L i
7751 d 1
= —ﬁl ; oftplus (Vor—1j) softplus(m)]
L*n*ui, B N U
T 4(@) H2+T4H2_E[<vf(xt)vm@gt>]
Lp?B2H? | & 1 ) 1

V] 4 Ly

(1—p5)2 j;(softplus(m)) B (softplus(m)

By rearranging,

n
softplus(\/vy)
d

NP1 GHE 1 1

E[{Vf(x), © gt)]

< E[f(zt) - f(2t+1)] + 1— 61 [jzz:l Softplus(m) - SOftpl’U,S(m)]

L3, By opn | MHE o

2 (1—51) Ho+ =~ H
Ln?B?H? [Z( 1
(1—754)2 softplus(\/vi—1,;)

+

1
softplus(\/vr;)

+ )= ( )] + Lo i H*
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The item on the left hand side also satisfies

1
B[V f(z), softplus(on) ©gi)] = E| > 13V f(@e,5)9e5 + > 14V f(@1,5) 91,5
plus(y/oe U1V (20.3)91.5 >0} U1V (20.5)9:.5<0}
2Bl Y mVie) Y Vi)’
{31V f(z,5)g¢,5 >0} {1V f(z+,5)g¢,;<0}

> 3|V f (w2) |

We then obtain:

d
nB1 1 1

GHE _
L=7 [Jz:l softplus(\/vi—1;) Softplus(m)]
L2772,LLE ( ﬁl )2H2 + @HQ

3| Vf(@)|? < Elf(z0) = fze01)] +

2 \1-3 2
Ln?piH? 1 2 1 2772
+ —(—————— V| + L% u2H
(1—05)2 [Z(softplus(, /Ut71,j)) (softplus(, /vt,j)) ] e
645 Dividing both sides by nus and then summing over ¢ = 1 to T, brings out
T d
1 B1 1 1
IV f(x |<—FE[f(z1) = f']+ ————GHE —
2 V@I = 2o BUe) = P+ Ty SR St )~ softustyons)
LQTITILLAQL( ﬁl )2H2 + nMiTHQ
23 1= p 243
L LugtH? i ( 1 2 1 2, LpdTH?
(1—=751)2%us = softplus(,/vo.;) softplus(\/v7;) 13
Because vy = 0, and WM = 14, we have

T 1 Bid
IVFx)|I] < —E[f(z1) = [7] + B ) -
LQWTMZ B 2.0 77M42LT 2
H + H
2pu3 1 - 51) 23
LnBtdH? o 5 LoguiTH?
+ —u3) + ——
(1 _ /61)2,U3 (/"L4 lu’d) L3
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Multiplying both sides by % gives,

1 & 1 Bid
IV f(x — EBlf(z) - ]+ —  GH(uy —
;| J@)P) < o BU () = £+ g e GH s — )
L277N4 B1 2.2 77#421 2
H*+—H
243 1*51) 23
LnB2dH? L2 H?
npt (22— 12) + Uyl
(1= B1)?usT 143
1 Bid
< —E[f(x1)— f]+—"—GH(us —
< T [f(z1) = f7] A= BT (p1a — p3)
L*nu3 . B nug LnBid o oy, Inpd o
4+ L2 )+ H
( 2/«L3 1_51) 2#3 (1_ﬁ1)2/143T( 4 /’(‘3) ,UfS )

Now, we set n = \%T, o = x1, then z1 = 21, f(21) = f(x1) we derive the

final result for the SADAM method:

. 2 1 . p1dGH
tZIE_I_T},TE[HVf(xt)” ] < /T [f(z1) = f]+ W(M — p3)
LPui B 1 LBtd(pi —p3)  Lpi
" (2M3\/T(1 _51> i 203V T " (1= p1)2usTVT " M3\/T)
oo, G
VT T TVT
where
_ 1 o P B opd Lgd
Cr = Mg[f(l"l) 1+ ( s (1—51) +2M3 + s VH
o, = D1l = pg)dGH
? (1—=B)us

LB3d(p3 — p3) , 0
Oy = ——— > "2 [~
T (-5

= 0(dp), C

650

Given L,G, H, ) are constants, we have C; = O(S?),
O(df?). Therefore,

win, BV @)lP) < O + 5+
O

Thus, we get the sublinear convergence rate of SAMSGRAD in nonconvex
setting, which is the same order of AMSGRAD and recovers the well-known

result of SGD [1] in nonconvex optimization in terms of 7T
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Remark D.4.10. The leading item from the above convergence is C1/NT, j3
plays an essential role in the complexity, and a more accurate convergence should

be O(M\}%Sﬁ)). When B is chosen big, this will become 0(5—;), somehow be-
have like AMSGRAD’s case as O(ﬁ), which also guides us to have a range of

B; when B is chosen small, this will become O(ﬁ), the computational complex-
ity will get close to SGD case, and [ is a much smaller number compared with
1/e, proving that SAMSGRAD converges faster. This also supports the analysis
of range of A-LR: 1/softplus(\/v¢) in our main paper.

D.4.4. Non-strongly Convex

In previous works, convex case has been well-studied in adaptive gradient
methods. AMSGRAD and later methods PAMSGRAD both use a projection
on minimizing objective function, here we want to show a different way of proof
in non-strongly convex case. For consistency, we still follow the construction of
sequence {z;}.

Starting from convexity:

fly) = fz) + V@) (y - ).

Then, for any x € R?, Vvt € [1,T],

(Vf(x),ar — %) = fze) = [, (15)

where f* = f(z*), 2* is the optimal solution.

Proof. AMSGRAD case:
In the updating rule of AMSGRAD optimizer, 2411 = 24 — ;7:% ® my,
setting stepsize to be fixed, 1, = 1, and assume v; > v;_1 holds. Using previous

results,
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E[llze41 — 2|7
nB1 1

= Bllec+ 5 e, — ) Omen — 00—
= Blls— = I+ Bl e, — ) omer - o]
+2E[<177_51ﬁl(\/%+6\/Fj_'_e)@mt_l,ztx*)}2E[<¢£+€®gt,zt$*>]

Bl = 2" )+ 2 s Ell G = ) @ mia P+ 2P Ell = ol
2 (o~ ) Omen 5= )] = Bl O g5 )
< Bz - =*|7) + 2%E[i<\/i+> SV e R

2 B - ) Omen = )] = 2Bl O )

o5 The first inequality holds due to |ja—b||? < 2||a|*+2]|b||?, the second inequality
holds due to D.4.3, D45
Since < a,b >< 5 a + 262,

1 1

2E[<(1/’Ut Tte \/E—I—e) O mi—1, 2 = 7))
]. *
<= [||<m+€ \F+€)®mt71||2]+nE[Hzt—x I

From the definition of z; and convexity,

(V (i), — %) > fz) = f* >0
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1
— E[(—— g
WL e © 002 )
B © giyw— 0"+ 2 (y — )]
VUi + € 1-5
1 2161 1
= -2nF —x")] — E — Ty
n [<\/1Tt+e®gt’wt z")] 13 [<\/U»t+e@gt,$t Ti-1)]
1 21253, 1 1
= -2ME[(——— O gzt —x¥)] — E © gt, ©me—
n [<\/'th+6 gtwt £U>] 17/81 [<\/'th+€ gt \/ere mt 1>]
2 2
< 20 (V1) — o) 4+ 2O 2
(1—p41)
o, 20 B3
< -2 Ty) — +
—= n“l(f( t) f) (l_ﬂl)
Plugging in previous two inequalities:
Ell|ze41 — 2*|%]
d
e
gEz—x*2+2" + 222 H?
lze =) + 271 ;m+€> )
d
Bl 1 n*p \
g P o = g Blle =P
1S N 6 Ui, + € 1
o, 207Bus
-2 Ty) — +
ma(f) = )+
By rearranging:
2npa (f(ze) — f7)
232 [72 d 1
< E[|z — z*||*] — E[||= —m*z—l—ZL 2
< Ellz =) = Ellzen = 2"+ 2 5 Y o = (e
d
SLH? 1 2 2 n*B1 2
+ 20?2 H? + E - + Elf|z — 2*
WHH + T [;<m+€> (a1 1= Bl = =1
277251H2 2
+ H
(1—p1)

680
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Divide 2nu; on both sides,

d

* 1 * 12 * (12 7762H2 1 2 1 2
flae) = f SM(E[HZ%—QJ I7] = Elllze41 — 2| ])erE[;(\/mef) —(\/U»tJre) ]

By H? 1 1
LMy, BT 2

" (= B e j:l m+e (ere)]
B g ey P
21—y e e T g

MQ

+

Assume that V¢, E|||x; —2*| < D, for any m # n, E[||xm —2y||] < Do hold,
then E[||z; — 2*||?] can be bounded.

Elllzs — 2*|*) = B[l|z1 — %[ < D? (16)
Elllz — «*[I’] = E[flxy — 2" + 1 5151 (22 — z-1)|I°]
< 2E[|lxy — 2*|*] + T 251 i Ell[(ze — x4-1)|%]
2
<2D%* 4+ AD;. (17)

(1—51)?
Thus:

ok L o — * 21 Py —r* 2 ﬂ - 1 2 1 2
fw) = 1" < o= (Bl = o] = Bl — | 1>+(1_51)2M1E[;<m+6> Sorrll

H? d 1
P Mgy BHT g ) = (——)7
M1 2np1 (1 — Br) o VU Vg T €
1B D? nBi D2, N B o

* pa(1 = Br) * pr(1—=pB1)3 (1= B

685 Summing from ¢t =1 to T,
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S(fe0) = 1) < g (Blln = ] = Bl =o' + 25 Z \rﬂ (\/TTI—H)Q]
WLgT 2 SLH? a 1 2 1 2
T o e T )

nBD*T nB D3 T BT

pr(l—=pF1)  p(1=p51)2 (1= B1)m
nprdH? ( 2 2) + WN%THQ prdH? 2 qu)
2npa (1 = B

1
< D?
20 (1= B1)*1
D3T SD2 T 2T
n np1 n nBi D5, - nB1 3 772
pr(1=p51) (I =pF1)3  (1=PB)m

2 1

The second inequality is based on the fact that, when iteration ¢ reaches the
maximum number 7', x; is the optimal solution, zp = z*.
By Jensen’s inequality,

=)~ ) > @) - 1
t=1

1 T
where Z; = 7 >, 2.

Then,
D? U/B%dHQ 2 77.“2 ﬁldHQ 2 2
7)1 < + 2 T (d -
f( t) .f 2'[7/,L1T (1 — BI)Q’ulT(:U’ ) L 2,'7#1(1 — Bl)T(MQ /’Ll)
161 D? nBi D2, nBUE o

- pr(1=p51)  pa(1=p1)% (1= PB1)m

690

By plugging the stepsize n = O(%), we complete the proof of AMSGRAD

in non-strongly convex case.

Ty) — fF D* prdH? 2 2 15 2 prdH? 2 2
f(@) = f* < Qul\F—’_ (1— 1) /LlT\F( )+ ,ul\/f 2u1(1—ﬁl)ﬁ(u2 i)
B1D? B3DZ, B 2
' (1—ﬁ1)f+ il — BT (= pomvT
1 1
= O(ﬁ) + O(ﬁ) = O(ﬁ)'
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Remark D.4.11. The leadmg item of convergence order of AMSGRAD should

& A BrdH> BY D,
65 be O(Zﬁ), where C' = m+Z?H2+m(M2 ,Ltl) “1(1 51)+/L1(i—51)3+
(12;3#1[{2' With fized L,G,H,B1,D,Ds, C = O(%), which also contains €

as well as dimension d, here with bigger €, the order should be better, this also
supports the discussion in our main paper.

The analysis of SAMSGRAD is similar to AMSGRAD, by replacing the
70 bounded pairs (1, ua) with (us, p4), we briefly give convergence result below.

Proof. SAMSGRAD case:

D? U/B%dHQ 2 77.“4 ﬁldHQ 2 2
Ty) — < R e
f( t) .f 277/143T (1 — ﬁ1)2H3T (:U/ ) 13 2,'7#3(1 — Bl)T(‘u4 /’L?))
np1D? nBi D3, nB1 o

(- B0 - (- B

+

By plugging the stepsize n = O(\%) we get the convergence rate of SAMS-

GRAD in non-strongly convex case.

D? BidH? 13 2 prdH? 2 2
f@) —f < + (ui — n3) + H (1 — 13)
' 2usVT  (1—p1)2usTVT 7 psy/T 2ps(1— VT
D2 3D2 2
4 B 4 By 003 + Bipa 2
(1*51)\F M3(1*51) VT (1-B)usVT
1
=0(—=)+0(—=) = 0(—=).
\f T\f VT
For brevity,
J@) ~ f* = 0(—=)
) — [F=0(—).
t \/T
O
s Remark D.4.12. The leadmg item of convergence order of SAMSGRAD should
0 ~ dH? D?
be 0(2%), where C = %4’ ’;43 H?+ 72“@1(1_/31) (u3 —pd)+ uﬁi Ay T+ us(l 61)3 +
YL H?. With fized L, G, H,B1, D, Dss, C = O(dBlog(1 + ¢)) = O(dp?),

with small B, the SAMSGRAD will be similar to SGD convergence rate, and [3
is a much smaller number compared with 1/¢, proving that SAMSGRAD method
o perfoms better than AMSGRAD in terms of convergence rate.
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D.4.5. P-L Condition

Suppose that strongly convex assumption holds, we can easily deduce the
P-L condition (see Lemma D.4.13), which shows that P-L condition is much
weaker than strongly convex condition. And we further prove the convergence of
ADAM-type optimizer (AMSGRAD and SAMSGRAD) under the P-L condition
in non-strongly convex case, which can be extended to the strongly convex case
as well.

Lemma D.4.13. Suppose that f is continuously diffentiable and strongly convex
with parameter v. Then f has the unique minimizer, denoted as f* = f(x*).
Then for any x € R, we have

IVF@)II* > 2v(f(2) = £7)-

Proof. From strongly convex assumption,
* * v *
f 2 f@) + V@)@ =)+ et -2l
. v
> f(z) + mgn(Vf(:C)Tﬁ + 5 1€l

L\vr)?

2y
Letting € = «* — x, when & = —%(w), the quadratic function can achieve its
minimum. O

= f(x)

We restate our theorems under PL condition.

Theorem D.4.14. Suppose f(x) satisfies Assumption 1 and PL condition (with
parameter \) in non-strongly conver case and vy > vi_1. Let iy = n = O(%),

AMSGRAD and SAMSGRAD have convergence rate

Blf(e) ~ ] < O(7,).

Proof. AMSGRAD case:
Starting from L-smoothness, and borrowing the previous results we already
have

d
nB 1 1
E — < GHE —
[f(2t41) = ()] 1- 5 32:21 i te o te
L*Pu3, Bi op0 | MPH3 Lo n
+ () H" + 9 H* — E(V f(xy), N © g¢)

E(V f(x4), ©gt) > ||V f()]?

1
Vi te
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Therefore, we get:

7751 d 1 1
E[f(ze41) = f(z)] < 1_51GHE;\/W+E \/Wﬂ}
LQUQMQ ﬁl 2772 ’I’) /1,2 2 5
Ty (1_51)H o HE = [V f (@)
LS TS S g
(1=p1)? [;(m+6> m+€) |+ Ly pzH

725
From P-L condition assumption,

2 1-p
LpPp2H? | 1 1
UEh _ [Z( 2 _ )2] +Ln2u§H2
(1-04) oV te NI

From convexity,

fze41) 2 fl@err) + 5 flﬂl <Vf(Tes1), Tepr — 20 >

:f($t+1)+1€7161 < Vf(fﬂt-i-l)a \/F?"‘G O my >
From L-smoothness,
f(Zt) < f( ) + 1 fﬁl < Vf(xt) — L1 > +—= 5 (1 flﬁl )2||xt — xt71||2.
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Then we can obtain

E[f(zran)] + — E[< Vi (2rs1), ——— @ my >]

]. — ﬂl ’ \/E—f— €
< Blf(e0) + 12 Bl V5,1 = 11 51+ 2Bl )
nb d 1 1
+ 1_610HE[; T \/W*f]
12922 2 2
T; P2 (%)sz + %Hz = 2 i E[f (z1) — f7]
Ln*BiH? ‘ 1 2 1 2 22752
a5y [;( e (mﬂ) |+ L’usH
N 1 U L772 Br 2 1 2
= E[f(z:)] + fﬂlEk Vf(a), ﬁ Omy_1 >+ T(l 751) E[H\/ere ©mi—1|7]
d
+ P arp LN .
1761 = 1/Ut—1,j+€ m+€
12922 2 2
772 P2 (%)25{2 + %Hz = 2 i E[f (z:) — f7]
Ln*BiH? ’ 1 2 1 2 22752
BCAL [;(ere) Gogve) | T EmmH

By rearranging,

Blf (1) < B @)+~ (B[< Vf(0), e © my_1 >] — B[< Vf(@151), ——— © my >])

1=6 N Sy
L772 ﬁl 2 1 9 nﬁl 1 1
T B @ me_1|?] + GHE _
2 (1_51) [||\/m+6 1] 1- 5 [;m+e \/W‘FE]
L%n2%2 2 2
+ n :U’2( Bl )2H2 + n M2H2 _2)\77M1E[f(mt) _f*]
2 1—p 2
LUQﬂ%HQ - 1 2 1 2 2 2772
taomet - + Ln?u2H

From the fact + < a,b >< %aQ + %b2, and Lemma D.4.1, D.4.3,
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1 1 1
E[< Vf(xt),ﬁG)mt—l >} :E[< Vf(xt-‘v-l)@\/;vmt@ \/;>]

H2M2 H?py
2 2

< H?uy

IN

730

Similar,

—E[< Vf(z41),

1 / /
— Omy >| = <Vf(z
/U + € ¢ ] [ f t+1 'Ut 1+€ ’Ut 1+6

H? iy HM2 2
< —F
S + — 5 =

Then,

2 L 2,,2
Binpe H? 4 n #2( b1 )2H2
1-p1 2 1-5
d
1 1
L b GHEY - ]
1-05 1 VUt-15 T € U t+e€

L2 2,2 22 *
+ 77/1'2( 51 )2H2+MH2—2)\77/1,1E[]C(1'1€)_JC]
2 '1-p 2
L?]Qﬂ%HZ d 1 2 1 2 2 2772
n E _ + L H
(1=p1)? [z;(mjte) (\/WJHH e

Elf ()] < E[f(ze)] +
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2 2
Elf (res1) — £ < (1 — 2 ELf (ag) — f7] + 22002 g Tis Oy yo o

1-05 2 1-751
d
1 1
L=/ RV s VTN
L2772M§ ﬁl 2772 ’172[1,% 2
Lop pi H* - 1 2 1 2 2 272
ozt — )~ (— ) I+L H
(1—=p51)? [;(M-F(g) (\/1T’J+€)] 2
d
* 7751GH 1 1
< (1-2X Elf(x,) — + E B
< (1= 2vp) Blf (w) = £+ T, 2@% =
2 L 2,2 L2 2,2 2 9
(ﬁiwz " H ?1 2y L fl 2y T
1-p 2 1-p 7 \1-3 5
L7725% ¢ 1 9 1 ) D oy
* E —(——)+L H
(1—p1)2 [;(ere) (\/Wﬂ)] n°13)

Let

0=1—-2Mu
d
GH 1 1
o, = nB E[Z _ ]
1-— ﬂl =1 A /vt—l,j + € A /Ut,j + €

+ (2ﬂ1n'u2 + LHQM%( 61 )2 + L2772M%( Bl )2 . 772#%
L=7 2 '1-p 7 \1_3 5
LB I Lo

* E —(——) 1+ L H

(1—p1)? [;( Utﬂ,j-l-e) (m+6) ] n"13)

then we have

Elf(ze41) — f7] S OE[f(2e) — 7]+ Oy
Let &, = E[f(z;) — f*], then ®; = E[f(z1) — f*],

Dy <00, + 0, < 0°®,_1 + 00,1 + O,

<0 4+ 60710, + -+ 00,1 + 6,

<1 "
< 0P +0O1 4+ +60;_1+ 6.
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Lett =T,

Ppy <OT®, +0,4+ - 4+O07_1 +0607p

d
GH 1 1
< o7, + G s - ]
1-p5 = /Uy +€ \JUr;+e€
N (25177M2T N anuiT( B o L2712N§T( By P n*u3T
1—5 2 1—-5 2 1—5 2
d

L .
+(1—ﬁ1)2E[Z(m+e) (W/UT,j'FG

)*] + L usT) H?

=1
GHd 2 T  Ln?uT L2n2u2T
§9T¢1+nﬂ1 (2 — 1) + ( Binpz U B 24 Ll B
1—p 1—-05 2 1-5 2 1—-05
2 2 292
n-pus T Ln*pid , , 2 2 2 2
+ — + L T)H
2 (1_51)2 (/1“2 :ul) U5 )

=070, +O(T) + O(°T) + O(n) + O(n°)

735
From the above inequality, 77 should be set less than O(%) to ensure all items
in the RHS small enough.

Set n = 77, then § =1 —2\npuy =1 — 2;,;1

1 1 1 1
_ T — _ _ _
Pry1=0" 01 + O(T) + O(Tg) +O(T2) + O(T4)
1
=0T®; +O0(=) — 0
T
With appropriate 1, we can derive the convergence rate under P-L condition

(strongly convex) case.
The proof of SAMSGRAD is exactly same as AMSGRAD, by replacing the

o1
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bounded pairs (1, p2) with (us, 14), and we can also get:

Pry <OT® +O1+-+O7_1 + 607
d

GH 1 1
< T, + MHCGH g -
- 1 1-53 [; softplus(vo ;)  softplus(vr, ;)
N (25177u4T N anuiT( B P L2n2uiT( B P n*piT
1-561 2 1-5 2 1-5 2
d

Ln*B} 1 1
+ (1—=74)2 [Z softplw;(vw))2 B (softplus(vT’j)

)] + Ln*u3T)H?

j=1
GHd 2 T Ln?uT L2n2u2T
Se%ﬁﬂﬂl (1t — 1) + ( Binpa Ul Sil 2y LT B
1—p1 1—-p 2 1—-p1 2 1—-p1
2 2 292
n-us T Ln*pid , , 2 2 2 2
+ — + L T)H
2 (17ﬂ1)2 (/j/4 :U’S) Ky )

=0T, + O(T) + O(*T) + O(n) + O(1%)

By setting appropriate 7, we can also prove the SAMSGRAD converges under
PL condition (and strongly convex).

Set n = O(%),

O

Overall, we have proved AMSGRAD algorithm and SAMSGRAD in all com-
monly used conditions, our designed algorithms always enjoy the same conver-
gence rate compared with AMSGRAD, and even get better results with appro-
priate choice of 8 defined in softplus function. The proof procedure can be easily
extended to other adaptive gradient algorithms, and theoretical results support
the discussion and experiments in our main paper.

D.4.6. SADAM convergence analysis with VR in Nonconvex Setting

Analysis Based on Variance Recursion. In recent work [19], researchers
have proposed a new way to analyze AGMs based on variance recursion, i.e.,
in terms of ||m; — V f(x¢)||?, which has been studied in earlier [32]. Here, we
also provide an analysis to prove the convergence to a stationary point with
appropriate parameter setting. We list the assumption and key lemmas based
on which we prove convergence of our proposed Calibrated AGMs.

An argument x is a J-first-order stationary point if for an arbitrarily small
6 >0,

V()] <.

92
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Assumption 2. The loss functions f; and the objective [ satisfy:
(a) L-smoothness. Vx,y € R Vi € {1,...,n}, |Vfi(x)-Vfi(y)| < Lllz—y|-

760 (b) The noisy gradient is unbiased and the noise is independent, i.e., Yo € R?,
t>1, g¢ = Vf(ze) + &, El&] = 0 and & is independent of &; if i # j.
And noisy gradient is variance bounded by E[||g: — V f(z:)|?] < o%(1 +
c|V f(x)]|?) for some ¢ > 0.

In our new analyses framework, our proposed AGMs have bounded A-LR as
s stated in Lemma 5.1. Thus, we can easily derive ¢; < ”W@(wﬂ”m < ¢y
; (o1

with 0 < ¢; < ¢, We have the following two key lemmas to help us analyze the
convergence of SADAM in nonconvex setting.

Lemma D.4.15. [Variance Recursion[32]]

L2 |2y — 242

1-p

< cy

Blllme=V f(@)|’] < Buillme—1 =V f (ze-1) P +2(1=51)* Ellge =V f (@) ]+

Lemma D.4.16. [19] If the stepsize n; < 53 and ¢; < ||
with 0 < ¢; < ¢, we then have

1
soTtplustymg) 1o

tCl e
LRV £ 12 = 22 e

F@en) < Fwn) + 24V () = ma? =

Based on the above two lemmas, we can derive the following theorem.

Theorem D.4.17. Suppose f(x) is a nonconvex function that satisfies Assump-
mo tion 2. Let Ay = [lmy =V f ()%, with 1=y < $25, T > max{ 72515, 2LE)-T))

B1)d2%¢;? ntd2¢c;
then SADAM method has E[& S |V f(x:)]?] < 52.

Proof. From Lemma D.4.15, we have
Blllmy — V f(x2)|I°]
< Billmi—r = V(1) |” +2(1 = B1)Ellge — V(o) |IP] +

L2l — 242

1-5
2. 2
< Billme—y — Vf(ze—1)|? +2(1 = B1)?0*(1 + ||V f (=) |*) + W

Then, we can get

lme—1 = V()| = llme = Vf (@) ||
1=/

+2(1= 81?0 (1 + |V ()*) +

Bllmi-1 = Vf(ze-1)|’] < Bl

]

L2z — i |)?

1=5
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Let Ay = |jm; — V f(z¢)]|?. Summing A over ¢ from 1 to T yields,

A A
ZAt | <EZ =T 2= BT
t=1

201 - 51)* cZHVf uuzw]

From Lemma D.4.16, we have
N

(@) = flaes)] + T4V Fle) = mil2 = 2237 flme 2

t=1

Mﬂ

R ZE IV £ (0[] <

~
I
—

B mew g A= Bt o o
[f(ze) = flaee)] + 5 (B 1= 5 +2(1 = p1)70"T

[M]=

t=1

T
L? 77 ||mt|| neci
CZ IV f (zes1)]? +Z - TZ [l 2
t=1

~
Il
-

yien At_At+1
< flo) —f7+ (E[ZW‘FQG—&)%QT

t=1

S L2 2
A= B’ Y IV (o) IP +4(1 = By)*ote—— 20

t=1
T

+ZL277 Hth 77t0 Z

Let L2n2c3 /(2(1 — 1)) < /8, i.e.,my < “J\l}f and 2(1 — B)o2c < ¢/ (4cy),

2(1 — B)o%eL®nicd < ¢ /8 i.e.,m < ﬂ%uL’
T

1 T 2 X Cu 1
T ;E[va(l't)llg] < ntClT[f(xl) - f ] + mAl + 2(1 - Bl) ?l + ﬁ ;E[va(l‘t)”ﬂ
Then we get

1 3 ? : * —_ _ 2 2€ “u
T;E[va(a:t)ﬂ ] < 77tClT[f(ac )= f]+2 (1_51) A1 141 - Bi)o .

With appropriate choice of 8, and T, we can show the calibrated AGMs converge
to d—first-order stationary point, i.e., if 1—3; < W’ T > max{ 16%116(;261 12(fn(£12);f )}
O

s are satisfied, then B[+ Zthl |V f(z¢)]%] < 42 holds.
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